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THE EVALUATION OF GEOMETRIC ASIAN POWER OPTIONS
UNDER TIME CHANGED MIXED FRACTIONAL BROWNIAN
MOTION
FOAD SHOKROLLAHI
Department of Mathematics and Statistics, University of Vaasa, P.O. Box 700,
FIN-65101 Vaasa, FINLAND
Abstract. The aim of this paper is to evaluate geometric Asian option by a
mixed fractional subdiffusive Black-Scholes model. We derive a pricing formula
for geometric Asian option when the underlying stock follows a time changed
mixed fractional Brownian motion. We then apply the results to price Asian
power options on the stocks that pay constant dividends when the payoff is a
power function. Finally, lower bound of Asian options and some special cases
are provided.
1. Introduction
A standard option (also called plain vanilla) is a financial contract which gives the
owner of the contract the right, but not the obligation, to buy or sell a specified asset
to a prespecified price (strike price) at a prespecified time (maturity). The specified
asset (underlying asset) can be for example stocks, indexes, currencies, bonds or
commodities. The option can be either a call option, which gives the owner the right
to buy the underlying asset, or it can be a put option, which gives the owner the
right to sell the underlying asset. Moreover, the option can either only be exercised
at maturity, European option, or it can be exercised at any time before maturity,
American option. Path dependent options are options whose payoffs are affected by
how the price of the underlying stock at maturity was reached, and the price path of
the underlying stock. One particular path dependent option, called Asian option,
will be of main focus throughout this research. The average price of the underlying
asset can either determine the underlying settlement price (average price Asian
options) or the option strike price (average strike Asian options). Furthermore, the
average prices can be calculated using either the arithmetic mean or the geometric
mean. The type of Asian option that will be examined throughout this research is
geometric Asian option.
Over the past three decades, academic researchers and market practitioners have
developed and adopted different models and techniques for option valuation. The
path-breaking work on option pricing was undertaken by Black and Scholes (BS)
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[1] in 1973. In the BS model has been assumed that the asset price dynamics are
governed by a geometric Brownian motion. However, in the last few years based
on some empirical studies, it has been shown that the geometric Brownian motion
model cannot capture many of the characteristic features of prices, such as: heavy
tailed, long-range correlations, lack of scale invariance, periods of constant values,
and etc. Fractional Brownian motion has been suggested to display the long-range
dependence and fluctuation observed in the empirical data [2, 3, 4]. Since fractional
Brownian motion is neither a Markov process nor a semi-martingale, then we cannot
use the usual stochastic calculus to analyze it. Further, fractional Brownian motion
admits arbitrage in a complete and frictionless market. To get around this problem
and to take into account the long memory property, it has been proposed that it is
reasonable to use the mixed fractional Brownian motion (mfBm) to capture the
fluctuations of financial asset [5, 6, 7].
The mfBm is a linear combination of the Brownian motion and fractional
Brownian motion with Hurst index H ∈ (12 , 1), defined on the filtered probability
(Ω,F ,P) for any t ∈ R+ by:
MHt (a, b) = aB(t) + bB
H(t),(1.1)
where B(t) is a Brownian motion, and BH(t) is a independent fractional Brow-
nian motion with Hurst index H . Cheridito [7] proved that, for H ∈ (34 , 1), the
mixed model is equivalent to the Brownian motion and hence it is also arbitrage
free. For H ∈ (12 , 1), Mishura and Valkeila [8] demonstrated that the mixed model
is arbitrage free. Rao [9] discussed geometric Asian power option under mfBm .
To see more about the mixed model, one can refer to Refs [6, 7, 10].
In order to describe properly financial data exhibiting periods of constant values,
Magdziarz [11] introduced subdiffusive geometric Brownian motion
Xα(t) = X(Tα(t)),(1.2)
where X(t) is a geometric Brownian motion, Tα(t) is the inverse α-stable sub-
ordinator with parameter α ∈ (0, 1). Magdziarz pointed out that this model is
arbitrage free but incomplete, and based on the subdiffusive geometric Brownian
motion obtained the corresponding subdiffusive BS formula for the fair price of
European options. Within the framework of subdiffusive theory, numerous schol-
ars continue to investigate financial problems identified considered in Magdziarz’s
pioneer work of subdiffusion finance in 2009. These include the pricing formulas of
European option and European currency option under subdiffusive fractional BS
and subdiffusive mixed fractional BS models [12, 10, 13].
In this research, inspired by the works [12] and [10], we introduce a pricing for-
mula for geometric Asian options under time changed mixed fractional BS model.
We then apply the result to price geometric Asian power options that pay constant
dividends when the payoff is a power function. We also provide some special cases
and lower bound for the Asian option price. The rest of the paper is organized as
follows. In Section 2, some useful concepts and theorems of time changed mixed
fractional process are introduced. In Section 3, a brief introduction of Asian op-
tions is given. Analytical valuation formula for geometric Asian options is derived
in Section 4 and then applied to geometric Asian power options in Section 5. The
lower bound on the price of the Asian option is proposed in Section 6.
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2. Auxiliary facts
In this section, we recall some definitions and results about mixed fractional time
changed process. More information about mixed fractional process can be found
in [12, 10].
The time-changed process Tα(t) is the inverse α-stable subordinator defined as
below
Tα(t) = inf{τ > 0, Uα(t) ≥ t}.
here Uα(τ)τ≥0 is a strictly increasing α-stable Le´vy process [14] with Laplace
transform: E(e−uUα(τ)) = e−τu
α
, α ∈ (0, 1).
Uα(t) is
1
α
self-similar and Tα(t) is α self-similar, that is, for every h > 0,
Uα(ht) , h
1
αUα(t) Tα(ht) , h
αTα(t), here , indicates that the random variables
on both sides have the same distribution. Specially, when α ↑ 1, Tα(t) reduces to
the physical time t . You can find more details about subordinator and its inverse
processes in [15, 16].
Consider the subdiffusion process
MHα (t)(a, b) = aWα(t) + bW
H
α (t) = aB(Tα(t)) + bB
H(Tα(t)),
where B(τ) is a Brownian motion, BH(τ) is a fractional Brownian motion with
Hurst index H and Tα(t) is inverse α-subordinator which are supposed to be
independent. When a = 0, b = 1, the results represented in [13] and if b = 0, a = 1,
then it is the process considered in [17]. In this research, we assume that H ∈ (34 , 1)
and (a, b) = (1, 1).
Remark 2.1. When α ↑ 1, the processes Wα(t) and WHα (t) degenerate to B(t)
and BH(t), respectively. Then, MHα (t)(a, b) reduces to the mfBm in Eq. (1.1).
Remark 2.2. From [13, 17], we know that E(Tα(t)) =
tα
Γ(α+1) . Then, by applying
α-self-similar and non-decreasing sample path of Tα(t), we have
E[(B(Tα(t)))
2] =
tα
Γ(α+ 1)
(2.1)
E[(BH(Tα(t)))
2] =
(
tα
Γ(α+ 1)
)2H
.(2.2)
3. Asian options
The payoff of an Asian option is based on the difference between an asset’s
average price over a given time period, and a fixed price called the strike price.
Asian options are popular because they tend to have lower volatility than options
whose payoffs are based purely on a single price point. It is also harder for big
traders to manipulate an average price over an extended period than a single price,
so Asian option offers further protection against risk. The Asian call and put
options have a payoff that is calculated with an average value of the underlying asset
over a specific period. The payoff for an Asian call and put option with strike price
K and expiration time T is (S¯(T ) − K)+ and (K − S¯(T ))+ respectively, where
S¯(T ) is the average price of the underlying asset over the prespecified interval.
Since Asian options are less expensive than their European counterparts, they are
attractive to many different investors. Apart from the regular Asian option there
also exists Asian strike option. An Asian strike call option guarantees the holder
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that the average price of an underlying asset is not higher than the final price. The
option will not be exercised if the average price of the underlying asset is greater
than the final price. The holder of an Asian strike put option makes sure that the
average price received for the underlying asset is not less than what the final price
will provide. The payoff for an Asian strike call and put option is (S¯(T )− S(T ))+
and (S(T ) − S¯(T ))+ respectively, where S(T ) is the value of underlying stock at
maturity date T .
Asian options are divided into two different types, when calculating the average,
the geometric Asian option
G(T ) = exp
{
1
T
∫ T
0
lnS(t)dt
}
,
and the arithmetic Asian option.
A(T ) =
1
T
∫ T
0
S(t)dt.
We assume that the prespecified interval [0, T ] is fixed, then will price the geometric
Asian option in the continuous average case under time changed mixed fractional
Brownian motion environment.
4. Pricing model of geometric Asian option
In order to derive an Asian option pricing formula in a time changed mixed
fractional market, we make the following assumptions:
(i) the price of underlying stock at time t is given by
St = S0 exp
{
(r − q)Tα(t) + σWα(t) + σWHα (t)
−1
2
σ2
tα
Γ(α+ 1)
− 1
2
σ2
(
tα
Γ(α+ 1)
)2H }
, 0 < t < T,(4.1)
where H ∈ (34 , 1), α ∈ (12 , 1) and αH > 1.
(ii) there are no transaction costs in buying or selling the stocks or option.
(iii) the risk free interest rate r and dividend rate q are known and constant
through time.
(iv) the option can be exercised only at the maturity time.
From Eq. (4.1), we know that lnSt ≃ N(u, v), where
u = lnS(0) + (r − q)Tα(t)− 1
2
σ2
tα
Γ(α+ 1)
− 1
2
σ2
(
tα
Γ(α+ 1)
)2H
(4.2)
v = σ2
tα
Γ(α+ 1)
+ σ2
(
tα
Γ(α+ 1)
)2H
.(4.3)
Let C(S(0), T ) be the price of a European call option at time 0 with strike price
K and that matures at time T . Then, from [12], we can get
C(S(0), T ) = S(0)e−qTφ(d1)−Ke−rTφ(d2),
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where
d1 =
ln S0
K
+ (r − q + σˆ22 )T
σˆ
√
T
, d2 = d1 − σˆ
√
T ,
σˆ2 = σ2
Tα−1
Γ(α)
+ σ2
(
Tα−1
Γ(α)
)2H
,
and φ(.) denotes cumulative normal density function.
Under the above assumptions (i)-(iv), we obtain the value of the geometric Asian
call option by the following theorem
Theorem 4.1. Suppose the stock price St satisfied Eq. (4.1). Then, under the risk-
neutral probability measure, the value of geometric Asian call option C(S(0), T )
with strike price K and maturity time T is given by
C(S(0), T ) = S(0) exp
{
− rT + (r − q) T
α
Γ(α+ 2)
+
σ2(−T )α
2Γ(α+ 3)
− σ
2T 2αH
4(2αH + 1)(αH + 1)(Γ(α + 1))2H
}
φ(d1)−Ke−qTφ(d2),(4.4)
where
d2 =
µG − lnK
σG
, d1 = d2 + σG,
µG = lnS(0) + (r − q − σ
2
2
)
Tα
Γ(α+ 2)
− σ
2T 2αH
2(2αH + 1)(Γ(α + 1))2H
,
σ2G =
σ2Tα
Γ(α+ 2)
+
σ2(−T )α
Γ(α+ 3)
+
σ2T 2αH
(2αH + 2)(Γ(α + 1))2H
,
the interest rate r and the dividend rate q are constant over time and φ(.) denotes
cumulative normal density function.
Proof. Suppose
L(T ) =
1
T
∫ T
0
lnS(t)dt.
Then
G(T ) = eL(T ).(4.5)
We know that lnSt ≃ N(u, v), then it is clear that the random variable L(T )
has Gaussian distribution under the risk-neutral probability measure. We will now
compute its mean and variance under the risk-neutral probability measure. Let E
denote the expectation and, µG and σ
2
G denote the mean and the variance of the
random variable E under the risk-neutral probability measure. Note that
µG = E[L(T )] =
1
T
∫ T
0
E[lnS(t)]dt
= lnS(0) +
1
T
∫ T
0
(r − q) t
α
Γ(α+ 1)
dt− σ
2
2T
∫ T
0
[
tα
Γ(α+ 1)
+
t2αH
(Γ(α+ 1))2H
]
dt
= lnS(0) + (r − q) T
α
Γ(α+ 2)
− σ
2Tα
2Γ(α+ 2)
− σ
2T 2αH
(4αH + 2)(Γ(α + 1))2H
,
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and
σ2G = V ar[L(T )] = E[(L(T )− µG)2]
=
σ2
T 2
∫ T
0
∫ T
0
(
E[Wα(t)Wα(τ)] + E[W
H
α (t)W
H
α (τ)]
)
dtdτ,
by independence of the processes B(t), BH(t) and Tα(t), we obtain
=
σ2
T 2
∫ T
0
∫ T
0
(
| t
α
Γ(α+ 1)
|+ | τ
α
Γ(α+ 1)
| − | (t− τ)
α
Γ(α + 1)
|
)
dtdτ
+
σ2
T 2
∫ T
0
∫ T
0
(
| t
α
Γ(α+ 1)
|2H + | τ
α
Γ(α+ 1)
|2H − | (t− τ)
α
Γ(α + 1)
|2H
)
dtdτ
=
σ2Tα
Γ(α+ 2)
+
σ2(−T )α
Γ(α + 3)
+
σ2T 2αH
(2αH + 2)(Γ(α + 1))2H
.
From (4.5), we know that the random variable G(T ) is log-normally distributed,
then lnG(T ) ≃ N(µG, σ2G). Let I = {x : ex > K} and φ(.) be the probability
density function of a standard normal distribution, then the price of geometric
Asian call option is given by the following computations
C(S(0), T ) = e−rTE[(G(T ) −K)+]
= e−rT
∫
I
(ex −K) 1√
2piσG
exp
{
−(x− µG)
2
2σ2G
}
dx
= e−rT
∫
I
(eµG+zσG −K) 1√
2piσG
exp
{
−(x− µG)
2
2σ2G
}
ϕ(z)dz
= e−rT+µG+
1
2
σ2
G
∫ ∞
−d2
e−
1
2
(z−σG)
2
dz −Ke−rT
∫ −∞
−d2
ϕ(z)dz
= e−rT+µG+
1
2
σ2
G
∫ ∞
−d2−σG
ϕ(z)dz −Ke−rT
∫ d2
−∞
ϕ(z)dz
= e−rT+µG+
1
2
σ2G
∫ d2+σG
−∞
ϕ(z)dz −Ke−rT
∫ d2
−∞
ϕ(z)dz
= e−rT+µG+
1
2
σ2
Gφ(d1)−Ke−rTφ(d2),
= S(0) exp
{
− rT + (r − q) T
α
Γ(α+ 2)
+ σ2
(−T )α
2Γ(α+ 3)
−σ2 T
2αH
4(2αH + 1)(αH + 1)(Γ(α + 1))2H
}
φ(d1)−Ke−qTφ(d2),
here
I = {x : ex > K} = {z : eµG+zσG > K}
= {z : µG + zσG > lnK} = {z : z > −d2},
thus we obtain the pricing formula. 
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Moreover, using the put–call parity, the valuation model for a geometric Asian
put option under time changed mixed fractional BS model can be written
P (S(0), T ) = Ke−qTφ(−d2)− S(0) exp
{
− rT + (r − q) T
α
Γ(α+ 2)
+
σ2(−T )α
2Γ(α+ 3)
− σ
2T 2αH
4(2αH + 1)(αH + 1)(Γ(α + 1))2H
}
φ(−d1),(4.6)
where d1 and d2 are defined previously.
Letting α ↑ 1, then the stock price follows the mfBm shown below
St = S0 exp
{
(r − q)T + σB(t) + σBH(t)
−1
2
σ2t− 1
2
σ2t2H
}
, 0 < t < T,(4.7)
and the result is presented below.
Corollary 4.1. The value of geometric Asian call option with maturity T and
strike K , whose stock price follows Eq. (4.7), is given by
C(S(0), T ) =
S(0) exp
{
− 1
2
(r + q)T − σ
2T
12
− σ
2T 2H
4(2H + 1)(H + 1)
}
φ(d1)−Ke−qTφ(d2),(4.8)
where
d2 =
µG − lnK
σG
, d1 = d2 + σG,
µG = lnS(0) +
1
2
(r − q − σ
2
2
)T − σ
2T 2H
2(2H + 1)
,
σ2G =
σ2T
3
+
σ2T 2H
(2H + 2)
,
which is consistent with result in [9].
5. Pricing model of Asian power option
In this section, we consider the pricing model of Asian power call option with
strike price K and maturity time T under time changed mixed fractional BS
model where the payoff function is (Gn(T )−K)+ for some constant integer n ≥ 1.
Theorem 5.1. Suppose the stock price St satisfied Eq. (4.1). Then, under the
risk-neutral probability measure the value of geometric Asian power call option
C(S(0), T ) with strike price K , maturity time T and payoff function (Gn(T )−K)+
is given by
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C(S(0), T ) = S(0) exp
{
− rT + (r − q) nT
α
Γ(α+ 2)
− (n− n
2)σ2Tα
2Γ(α+ 2)
+
n2σ2(−T )α
2Γ(α+ 3)
− nσ
2T 2αH
(4αH + 2)(Γ(α + 1))2H
− n
2σ2T 2αH
(4αH + 4)(Γ(α + 1))2H
}
φ(f1)
− Ke−qTφ(f2),(5.1)
where
f2 =
µG − 1n lnK
σG
, f1 = f2 + nσG,
µG = lnS(0) + (r − q − σ
2
2
)
Tα
Γ(α+ 2)
− σ
2T 2αH
2(2αH + 1)(Γ(α + 1))2H
,
σ2G =
σ2Tα
Γ(α+ 2)
+
σ2(−T )α
Γ(α+ 3)
+
σ2T 2αH
(2αH + 2)(Γ(α + 1))2H
,
the interest rate r and the dividend rate q are constant over time and ϕ(.) denotes
cumulative normal density function.
Proof. The payoff function for Asian power option is (Gn(T ) − K)+ = (enL(T ) −
K)+ , then applying similar computation in Theorem 4.1, we obtain
C(S(0), T ) = e−rTE[(Gn(T )−K)+]
= e−rT
∫
I
(enx −K) 1√
2piσG
exp
{
−(x− µG)
2
2σ2G
}
dx
= e−rT
∫
I
(en(µG+zσG) −K) 1√
2piσG
exp
{
−(x− µG)
2
2σ2G
}
ϕ(z)dz
= e−rT+nµG+
1
2
n2σ2
G
∫ ∞
−f2
e−
1
2
(z−nσG)
2
dz −Ke−rT
∫ −∞
−f2
ϕ(z)dz
= e−rT+nµG+
1
2
n2σ2
G
∫ ∞
−f2−nσG
ϕ(z)dz −Ke−rT
∫ f2
−∞
ϕ(z)dz
= e−rT+nµG+
1
2
n2σ2
G
∫ f2+nσG
−∞
ϕ(z)dz −Ke−rT
∫ f2
−∞
ϕ(z)dz
= e−rT+nµG+
1
2
n2σ2Gφ(f1)−Ke−rTφ(f2),
= S(0) exp
{
− rT + (r − q) nT
α
Γ(α+ 2)
− (n− n
2)σ2Tα
2Γ(α+ 2)
+
n2σ2(−T )α
2Γ(α+ 3)
− nσ
2T 2αH
(4αH + 2)(Γ(α + 1))2H
− n
2σ2T 2αH
(4αH + 4)(Γ(α + 1))2H
}
φ(f1)
− Ke−qTφ(f2),
here
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I = {x : enx > K} = {z : en(µG+zσG) > K}
= {z : µG + zσG > 1
n
lnK} = {z : z > −f2},
thus the proof is completed. 
6. Lower bound of the Asian option price
The aim of this section is to obtain the lower bound on the price of the Asian
option. The next theorem shows that the normal distribution is stable when the
random variables are jointly normal.
Theorem 6.1. ([18]) The conditional distribution of lnSti given lnG(T ) is a
normal distribution
(lnSti | lnG(T ) = z) ≃ N(µi + (z − µG)
λi
σ2G
, σ2i −
λ2i
σ2G
), i = 1, ..., n,
where
µi = lnS(0) + (r − q)Tα(ti)− 1
2
σ2
tαi
Γ(α+ 1)
− 1
2
σ2
(
tαi
Γ(α+ 1)
)2H
σ2i = σ
2 t
α
i
Γ(α+ 1)
+ σ2
(
tαi
Γ(α+ 1)
)2H
,
λi = Cov(lnSti , lnG(T )), 0 ≤ t1 < t2 < ... < tn ≤ T , Tα(t) is inverse α-stable
subordinator and, µG and σ
2
G are defined in Theorem 4.1.
Moreover, (Sti | lnG(T )) has a lognormal distribution and
E [Sti | lnG(T ) = z]
= exp
{
µi + (z − µG) λi
σ2G
+
1
2
(σ2i −
λ2i
σ2G
)
}
i = 1, ..., n.(6.1)
Now, we condition on the geometric average G(T ) in the pricing expresion of
the Asian option
C(S(0), T ) = e−rTE[(A(T )−K)+] = e−rTE[E[(A(T )−K)+|G(T )]
= e−rT
∫ ∞
0
E[(A(T )−K)+|G(T ) = z]g(z)dz,
where g is the lognormal density function of G. Let
C1 =
∫ K
0
E[(A(T )−K)+|G(T ) = z]g(z)dz,
C2 =
∫ ∞
K
E[(A(T )−K)+|G(T ) = z]g(z)dz,
then C(S(0), T ) = e−rT (C1 + C2). Sine the geometric average is less than arith-
metic average A(T ) ≥ G(T ),
C2 =
∫ ∞
K
E[A(T )−K|G(T ) = z]g(z)dz,(6.2)
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from Theorem 6.1, we can calculate C2 . Applying Jensen’s inequality we obtain
a lower bound on C1
C1 =
∫ K
0
E[(A(T )−K)+|G(T ) = z]g(z)dz
≥
∫ K
0
(E[A(T )−K|G(T ) = z])+ g(z)dz
=
∫ K
K˜
E[A(T )−K|G(T ) = z]g(z)dz = C˜1.(6.3)
where K˜ = {z|E[A(T )|G(T ) = z] = K} .
Eq. (6.1) enables us to obtain K˜ , then we calculate the following expectation
E[A(T )|G(T ) = z] = E
[
1
n
n∑
i=1
Sti |G(T ) = z
]
=
1
n
n∑
i=1
E [Sti |G(T ) = z]
=
1
n
n∑
i=1
exp
(
µi + (log z − µG) λi
σ2G
+
1
2
(σ2i −
λ2i
σ2G
)
)
.
Theorem 6.2. A lower bound on the price of the Asian option with strike price
K and maturity time T is given by
C˜(S(0), T ) = e−rT (C˜1 + C2)
= e−rT
{ 1
n
n∑
i=1
exp(µi +
1
2
σ2i )φ
(
µG − ln K˜ + γi
σG
)
−Kφ
(
µG − ln K˜
σG
)}
,
where all parameters are defined previously.
Proof. Collecting Eqs. (6.2) and (6.3) gives
C˜1 +C2 =
∫ ∞
K˜
E[A(T )−K|G(T ) = z]g(z)dz
=
∫ ∞
K˜
E[A(T )|G(T ) = z]g(z)dz −K
∫ ∞
K˜
g(z)dz
=
∫ ∞
K˜
E
[
1
n
n∑
i=1
Sti |G(T ) = z
]
g(z)dz −K
∫ ∞
K˜
g(z)dz
=
∫ ∞
K˜
1
n
n∑
i=1
E [Sti |G(T ) = z] g(z)dz −K
∫ ∞
K˜
g(z)dz
=
1
n
n∑
i=1
∫ ∞
K˜
E [Sti | lnG(T ) = ln z] g(z)dz −K
∫ ∞
K˜
g(z)dz.
From the proof of Theorem 4.1, we obtain
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K
∫ ∞
K˜
g(z)dz = Kφ
(
µG − ln K˜
σG
)
,
and from Eq. (6.1)∫ ∞
K˜
E [Sti | lnG(T ) = ln z] g(z)dz
=
∫ ∞
K˜
exp
(
µi + (ln z − µG) λi
σ2G
+
1
2
(σ2i −
λ2i
σ2G
)
)
g(z)dz
= exp
(
µi +
1
2
σ2i
)∫ ∞
K˜
exp
(
(ln z − µG) λi
σ2G
− 1
2
λ2i
σ2G
)
g(z)dz.
Using the density of the lognormal distribution, we have
∫ ∞
K˜
1√
2piσGz
exp
(
(ln z − µG) λi
σ2G
− 1
2
λ2i
σ2G
− 1
2
(
µG − ln z
σG
)2
)
dz.
Making the change of variables y = µG−ln z+λi
σG
and dy
dz
= − 1
σGz
, then we have
∫ −∞
µG−ln z+λi
σG
− 1√
2pi
exp
(
(
λi
σG
− y) λi
σG
− 1
2
λ2i
σ2G
− 1
2
(y − λi
σG
)2
)
dy
=
∫ µG−ln z+λi
σG
−∞
1√
2pi
exp
(
−y λi
σG
+
1
2
λ2i
σ2G
− 1
2
y2 − 1
2
λ2i
σ2G
+ y
λi
σG
)
dy
=
∫ µG−ln z+λi
σG
−∞
1√
2pi
exp
(
−1
2
y2
)
dy = φ
(
µG − ln K˜ + γi
σG
)
,
by collecting C˜1 and C2 the proof is completed.

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